1 → H → G → Q → 1 be an exact sequence where H = π 1 (S) is the fundamental group of a closed surface S of genus greater than one, G is hyperbolic and Q is finitely generated free. The aim of this paper is to provide sufficient conditions to prove that G is cubulable and construct examples satisfying these conditions. The main result may be thought of as a combination theorem for virtually special hyperbolic groups when the amalgamating subgroup is not quasiconvex. Ingredients include the theory of tracks, the quasiconvex hierarchy theorem of Wise, the distance estimates in the mapping class group from subsurface projections due to Masur-Minsky and the model geometry for doubly degenerate Kleinian surface groups used in the proof of the ending lamination theorem.
Introduction
This paper lies at the interface of two themes in geometric group theory that have attracted a lot of attention of late: convex cocompact subgroups of mapping class groups, and cubulable hyperbolic groups. Let 1 → H → G → Q → 1 be an exact sequence with H a closed surface group and Q a convex cocompact subgroup of M CG(S). It follows that G is hyperbolic. In fact convex cocompactness of Q is equivalent to hyperbolicity of G [FM02, Ham05, KL08] . The only known examples of convex cocompact subgroups Q of M CG(S) are virtually free. Cubulable groups, by which we mean groups acting freely, properly discontinuously and cocompactly by isometries (cellular isomorphisms) on a CAT(0) cube complex, have been objects of much attention over the last few years particularly due to path-breaking work of Agol and Wise. In this paper, we shall address the following question that lies at the interface of these two themes:
be an exact sequence of groups, where H = π 1 (S) is the fundamental group of a closed surface S of genus greater than one, G is hyperbolic and Q is a finitely generated free group of rank n.
(i) Does G have a quasiconvex hierarchy? Equivalently (by Wise's Theorem 1.2 below), is G virtually special cubulable? (ii) In particular, is G linear?
We shall provide sufficient conditions on the exact sequence (1) guaranteeing an affirmative answer to Question 1.1. We shall also construct examples satisfying these conditions. A somewhat surprising consequence, using work of Kielak [Kie18] is the existence of groups G as in Question 1.1 that surject to Z with finitely generated kernel (Section 8.3). Note that an affirmative answer to the first question in Question 1.1 implies an affirmative answer to the second. To the best of our knowledge, when the rank of Q is greater than one, there was no known example of a linear G as above, and the answer is not known in general. This is perhaps not too surprising as linearity even in the case n = 1 really goes back to Thurston's Double Limit Theorem [Thu86b] and the latter feeds into the cubulability of these 3-manifold groups.
The main theorem of this paper may also be looked upon as evidence for a combination theorem for cubulable groups along non-quasiconvex subgroups. Let us specialize to the case n = 2 in Question 1.1 for the time being. Let A (resp. B) be the fundamental group of a closed hyperbolic 3-manifold M 1 (resp. M 2 ) fibering over the circle with fiber a closed surface S of genus at least 2. Let C = π 1 (S) be the fundamental group of the fiber and we ask if A * C B is cubulable. We point out a preliminary caveat. Since the distortion of the fiber subgroup C in A is exponential, the double of A along C given by G 0 = A * C A has an exponential isoperimetric inequality. Since CAT (0) groups satisfy a quadratic isoperimetric inequality, G 0 cannot be a CAT (0) group; in particular G 0 is not cubulable. It therefore makes sense to demand that the group G resulting from the combination is hyperbolic. Unlike in the existing literature (see [HW12, HW15b, Wis11] for instance), the amalgamating subgroup C is not quasiconvex in A or B.
We briefly indicate the broader framework in which our results sit. The starting point of this work is Wise's quasiconvex hierarchy theorem [Wis11] The sufficient conditions we provide are a first attempt at relaxing the quasiconvexity hypothesis in Theorem 1.2: is there a combination theorem for cubulated groups along non-quasiconvex subgroups? We explicitly state the general question below: Question 1.4. Let G be a finite graph of hyperbolic groups (e.g. G = A * C B or G = A * C ) so that the vertex groups are virtually special cubulable and G is hyperbolic. Is G virtually special cubulable?
Related questions have been raised by Wise [Wis14, Problems 13.5, 13.15], for instance when each of A, B are hyperbolic free-by-cyclic groups of the form
and C is the normal subgroup F k .
1.1. Motivation and context. The base case of Question 1.1 is when Q = Z and G is the fundamental group of a 3-manifold M fibering over the circle with fiber S.
We briefly recall what goes into the proof [Ago13, Wis11] of the virtually special cubulability of such G. By Thurston's double limit theorem [Thu86b] M admits a hyperbolic structure. Then, by work of Kahn-Markovic [KM12] there are many immersed quasiconvex surfaces in M . These are enough to separate pairs of points on ∂G = S 2 . Hence by work of Bergeron-Wise [BW12] , G is cubulable. Finally, by
Agol's theorem 1.3 [Ago13] , G is virtually special. In the restricted case that the first Betti number b 1 (G) > 1, a Thurston's norm argument guarantees the existence of an embedded quasiconvex surface in M and Wise's quasiconvex hierarchy theorem 1.2 guarantees that G is virtually special. Yet another approach to the cubulation of G when Q = Z was given by Dufour [Duf12] where the cross-cut surfaces of Cooper-Long-Reid [CLR94] were used to manufacture enough codimension one quasiconvex subgroups. Dufour's approach essentially used the fact that the cross-cut surfaces of [CLR94] can be isotoped to be transverse to the suspension flow in M and are hence incompressible. Replacing H by a free group in Question 1.1, Hagen and Wise [HW16, HW15a] prove cubulability of hyperbolic G with Q = Z. Their proof again uses a replacement of the suspension flow (a semi-flow).
Thus, in the general context of 3-manifolds fibering over the circle with pseudoAnosov monodromy, there are two methods of proving the existence of codimension one quasiconvex subgroups:
(1) Work of Cooper-Long-Reid [CLR94] that is special to fibered manifolds.
(2) The general theorem of Kahn-Markovic [KM12] for hyperbolic 3-manifolds. This uses real hyperbolicity of M in an essential way. We do not know an answer to the following in this generality: Question 1.5. Let G be as in Question 1. 1 
. Does G have a quasiconvex codimension one subgroup?
Note that the spinning construction of Hsu-Wise [HW15b] requires quasiconvexity of the amalgamating subgroup. When Q has rank greater than one, we do not have an analog of Thurston's double limit theorem (or the geometrization theorem of Perelman) and hence we do not have an analog of the Kahn-Markovic theorem providing sufficiently many codimension one quasiconvex subgroups. We are thus forced to use softer techniques from the coarse geometry of hyperbolic groups, e.g. the Bestvina-Feighn combination theorem [BF92] giving necessary and sufficient conditions for the Gromov-hyperbolicity of G. We pose a general problem in this context that would help in addressing Question 1.4: Question 1.6. Let G be a finite graph of hyperbolic groups (e.g. G = A * C B or G = A * C ) so that the vertex groups are virtually special cubulable and G is hyperbolic.
Is there a combination theorem for quasiconvex codimension one subgroups when the amalgamating subgroups are not necessarily quasiconvex? In particular, for G as in Question 1.1?
The boundary of a G as in Question 1.1 is somewhat intractable. Abstractly, it may be regarded as a quotient of the circle (identified with the boundary ∂H of H = π 1 (S)) under the Cannon-Thurston map [Mit97, MR18] that collapses a Cantor set's worth of ending laminations, where the Cantor set is identified with the boundary ∂Q of the quotient free group Q. It thus seems difficult to apply Bergeron-Wise's criterion for cubulability [BW12] . Further there is no natural replacement for the suspension flow: a flowline would have to be replaced by a tree and transversality breaks down, preempting any straightforward generalization of the techniques of [Duf12, HW16, HW15a] .
This forces us to find sufficient conditions guaranteeing the existence of a quasiconvex hierarchy. The replacement of embedded incompressible surfaces in our context are tracks. Our main theorem 1.8 gives sufficient conditions to ensure the existence of embedded tracks. More surprising than the statement of Theorem 1.8 are the techniques that go into its proof. We draw from the model geometries that went into the proofs of the ending lamination theorem and the existence of CannonThurston maps for Kleinian surface groups [Min94, Min03, Min10, BCM12, Mj14] as also the hierarchy machinery of subsurface projections in the mapping class group [MM99, MM00] . Thus techniques that were developed essentially to address problems of infinite covolume surface group representations into PSL 2 (C) (see [Thu82, for instance) are used to address a specific cubulability problem, whose underlying theory (especially Agol-Wise's celebrated work [Ago13, Wis11] ) was designed to address problems having to do with fundamental groups of closed (more generally finite volume) hyperbolic 3-manifolds (see [Thu82, for instance). In the interests of readability, the material that goes into proving geometric models is treated in the companion paper [Mj19] .
1.2. Statement of Results. Even in the special case of a hyperbolic 3-manifold M fibering over the circle with monodromy Φ, our techniques yield mildly new results. In particular, we construct examples of Φ and embedded quasiconvex surfaces in the associated M that cannot be made transverse to the suspension flow corresponding to Φ (see Remark 4.3). Thus these surfaces need not realize the Thurston norm in their homology class (as in [CLR94] ).
The curve graph C(S) of a closed surface of genus at least two [MM99] is a graph whose vertices are given by isotopy classes of simple closed curves, and whose edges are given by distinct isotopy classes of simple closed curves that can be realized disjointly on S. An element ψ ∈ M CG(S) is said to be a pseudo-Anosov homeomorphism in the complement of a simple closed curve α if it fixes α, restricts to a pseudo-Anosov on (S \ α), and further, the powers ψ n are renormalized by Dehn twists tw kn α so that the renormalized powers ψ n := tw kn α • ψ n do not twist about α (see Definitions 5.1 and 5.2 for details). The action of such a ψ on the curve complex C(S) fixes the vertex α. Thus renormalized large powers of ψ may be thought of as "large rotations" about α in C(S). A sequence of simple closed curves on S on a tight geodesic of length at least one in C(S) is called a tight sequence. Informally, Proposition 1.7 below says: The composition of large powers of pseudoAnosovs in the respective complements of a finite tight sequence of homologous curves gives, via the mapping torus construction, a 3-manifold fibering over the circle with an embedded geometrically finite surface. Alternately, the composition of large rotations (cf. [DGO17] ) about a finite tight sequence of homologous curves gives the monodromy of a 3-manifold fibering over the circle with an embedded geometrically finite surface.
More precisely, let I = {1, · · · , k} denote a multi-index and p I denote a k−tuple (p 1 , · · · , p k ) of integers. We say that p I ≥ p if for each i, |p i | ≥ p. Then (see Proposition 5.4 and Remark 8.5): For k = 1, a modified construction can be carried out; see Section 5.3 for details. By Thurston's theorem [Thu86a] , it follows that M (p I ) admits a quasiconvex hierarchy (in the terminology of Wise's Theorem 1.2). Of course, Agol's Theorem 1.3 shows that the manifolds M (p I ) in Proposition 1.7 are virtually special cubulable and hence a finite cover of any such M (p I ) does admit a quasiconvex hierarchy. When the first Betti number b 1 (M (p I )) is at least 2, M (p I ) itself admits an embedded geometrically finite surface by an argument involving the Thurston norm [Thu86c] . However, Proposition 1.7 furnishes a new sufficient condition on the monodromy Φ(p I ) to guarantee the existence of an embedded incompressible geometrically finite surface in the 3-manifold M (p I ) even when b 1 (M (p I )) = 1. When b 1 (M (p I )) = 1, the surfaces we construct are necessarily separating. Sisto [Sis18] found sufficient conditions on Heegaard splittings of rational homology 3-spheres M to guarantee that they were Haken. Proposition 1.7 may be regarded as an analog of the main theorem of [Sis18] in the context of fibered manifolds M with b 1 (M ) = 1. We also mention work of Brock-Dunfeld [BD17] in a similar spirit that uses model geometries of degenerate ends to extract information about closed manifolds. Proposition 1.7 becomes an ingredient for the next theorem which provides some of the main new examples of this paper (see Theorems 4.5 and 5.8). We first provide a statement using the terminology of hierarchies [MM00] before giving an alternate description.
Theorem 1.8. Let Q be a subgroup of M CG(S) and σ a non-separating simple closed curve on S satisfying the following conditions:
(1) Tight tree: The orbit map q → q.σ, q ∈ Q extends to a Q−equivariant isometric embedding i of a tree T Q into C(S) such that T Q /Q is a finite graph; (2) Large links: Then Q is convex cocompact. For
the induced exact sequence of hyperbolic groups, G admits a quasiconvex hierarchy and hence is cubulable and virtually special.
We now describe fairly explicitly a way of constructing groups Q (and hence G) as in Theorem 5.8. We shall use the notion of subsurface projections from [MM00] (the relevant material is summarized in [Mj19, Section 2.2]). We also restrict ourselves here to the case n = 2 for ease of exposition. Let γ 1 , γ 2 be two tight geodesics of homologous non-separating curves stabilized by pseudo-Anosov homeomorphisms Φ 1 , Φ 2 constructed as in Proposition 1.7. Further assume without loss of generality that both γ 1 , γ 2 pass through a common vertex v (this can be arranged after conjugating Φ 2 by a suitable element of M CG(S) for instance). Note that γ 1 = γ 2 and Φ 1 = Φ 2 are allowed in the construction below. Thus, the data of a single 3-manifold constructed as in Proposition 1.7 above allows the construction below to go through. For j = 1, 2, we denote the vertex sequence of γ j by v ij , i ∈ Z.
Let M CG(S, v) denote the subgroup of M CG(S) fixing the curve on S corresponding to v pointwise. We think of the elements Ψ ∈ M CG(S, v) as rotations about v in the curve graph C(S) (cf. [DGO17] ). Given L, R > 0, an element Ψ ∈ M CG(S, v) is said to be an (L, R)−large rotation about v for the pair γ 1 , γ 2 (see Definition 5.6) if for any distinct u, w ∈ {v ±1,1 , Ψ(v ±1,2 )},
subsurface projections (including annular projections) of any geodesic in C(S \ v) joining u, w are at most R. We are now in a position to state a special case of one of the main theorems (see Theorem 5.8) of the paper. Informally, Theorem 1.9 below says that a pair of pseudo-Anosov homeomorphisms constructed as in Proposition 1.7 having axes passing through a common vertex v ∈ C(S) generate a convex cocompact free subgroup of M CG(S) such that the resulting surface-by-free group is virtually special cubulable so long as the 'angle' between the axes at v is large (Theorem 1.9 below specializes Theorem 5.8 to the case n = 2). More precisely, Theorem 1.9. Let γ 1 , γ 2 be two tight geodesics of homologous non-separating curves stabilized by pseudo-Anosov homeomorphisms Φ 1 , Φ 2 constructed as in Proposition 1.7. Assume further that both γ 1 , γ 2 pass through a common vertex v. There exist L, R > 0 such that if Ψ is an (L, R)− large rotation about v for the pair γ 1 , γ 2 , then the group Q generated by Φ 1 , ΨΦ 2 Ψ −1 is a free convex cocompact subgroup of rank 2 in M CG(S). For
The hypothesis on the non-separating nature of the curves in γ 1 , γ 2 can be relaxed; however the modified version of Theorem 1.9 becomes more technically involved to state. We refer the reader to Theorem 8.4 for the analog in this more general situation.
1.3. Scheme of the paper. The study of embedded incompressible surfaces has a long history in the study of 3-manifolds [Hem04] . Tracks (see [Sag95, Wis12] for instance) are the natural generalization of these to arbitrary cell complexes. Since our main motivation is to cubulate hyperbolic groups, we are interested primarily in quasiconvex tracks leading us naturally to the study of EIQ (essential incompressible quasiconvex) tracks in Section 2. An EIQ track in a 3-manifold is simply an embedded incompressible geometrically finite surface. The main content of Section 2 is a reduction theorem: Theorem 2.7. It says that if a hyperbolic bundle M over a finite graph G with fiber a closed surface S admits an EIQ track, then it admits a quasiconvex hierarchy in the sense of Theorem 1.2. Theorem 2.7 thus reduces the problem of cubulating M to one of finding an EIQ track.
In Section 3 we recall some of the essential features of the geometry of the hyperbolic bundle M over a finite graph G from [Mj19] . An essential tool that is recalled in Section 3.1 is the notion of a tight tree T of non-separating curves in C(S) generalizing the notion of a tight geodesic. We also equip M T = S × T with a metric d weld using the model geometry of doubly degenerate hyperbolic 3-manifolds [Min10, BCM12, Mj19] . Further, the construction of an auxiliary 'partially electrified' pseudo-metric d te on M T is also recalled from [Mj19] .
The tight tree is T is then used in Section 4 to construct a track T T in M T . The track we construct is of a special kind-a 'stairstep'. This is fairly easy to describe in S × [0, n]: it consists of essential horizontal subsurfaces called treads, denoted Tread vw , in S × {i} with boundary consisting of curves v × {i}, w × {i} connected together by vertical annuli v × [i, i + 1], w × [i − 1, i] called risers corresponding to the curves v and w. The sequence of simple closed curves thus obtained on S is required to be a tight geodesic in the curve graph C(S). Section 4 concludes with the statement of the main technical theorem 4.5 of the paper, whose proof is deferred to the later sections.
Section 5 then applies Theorem 4.5 to construct the main examples of the paper (Theorems 1.8 and 1.9) already described.
The next two sections prove that the track T T is incompressible in M T and any elevation T T to the universal cover ((
Gromov-hyperbolicity (with constant of hyperbolicity depending only on genus of S, the maximal valence of T , and a parameter R as in Theorem 1.9) of ( M T , d te ) was established in [Mj19] . Quasiconvexity of treads (with constant having the same dependence above) is established in Section 6 using the structure of CannonThurston maps. In Section 7, the treads are pieced together via risers using a version of the local-to-global principle for quasigeodesics in δ−hyperbolic spaces to complete the proof of Theorem 4.5. Section 8 generalizes the main theorem by allowing tight trees of homologous separating curves.
Graphs of spaces and tracks
After providing some background on graphs of spaces, surfaces bundles over graphs and tracks in this section, we prove a reduction step: we show that it suffices to construct an essential incompressible quasiconvex (EIQ) track.
2.1. Graphs of Spaces. For all of the discussion below, spaces are assumed to be connected and path connected. A graph G we take to be a tuple (V, E, i, t) where V and E are sets (the vertex set and edge set, respectively), and i : E → V and t : E → V give the initial and terminal vertex of each edge. (Strictly speaking this is a directed graph.)
A graph of spaces is constructed from the following data [SW79] :
• a vertex space X v for each v ∈ V and an edge space X e for each e ∈ E; and • continuous maps f − e : X e → X i(e) and f + e : X e → X t(e) for each e ∈ E. Given this data, we construct a space
where (x, 0) ∼ f − e (x) and (x, 1) ∼ f + e (x) for each x ∈ X e , e ∈ E. We say X G is a graph of spaces. We say a homeomorphism X → X G is a graph of spaces structure on X.
Example 2.1. The trivial example in which every vertex and edge space is a single point yields a 1-complex, the geometric realization of G. We abuse notation in the sequel and refer to this 1-complex also as G.
When the maps f ± e are all π 1 -injective then the fundamental group of the space X G inherits a graph of groups structure. In particular, when the graph has a single edge, we obtain a decomposition of π 1 (X G ) as a free product with amalgamation or as an HNN-extension, depending on whether or not the graph is an edge or a loop. (See [SW79] for more on graphs of spaces and graphs of groups.)
Conversely, if we are given a space X and a subspace Y ⊂ X such that Y has a closed neighborhood N homeomorphic to Y × [0, 1], then we obtain a graph of spaces structure for X, namely the components of Y as the edge spaces and the components of X \N as the vertex spaces, whereN ∼ = Y × (0, 1).
2.2. Surface bundles over a graph. In this paper the main objects of study will be surface bundles over graphs. Let G be a graph, thought of as a 1-complex, and consider a bundle E → G with fiber S a surface. Then it is easy to see that E has the structure of a graph of spaces (with graph G) where every edge and vertex space is homeomorphic to S and every edge-to-vertex map is a homeomorphism.
In particular, we can describe the fundamental group of E as follows. Let T ⊂ G be a maximal tree. In the graph of spaces structure coming from the bundle, we may assume that for any edge e ⊂ T , the gluing maps f ± e are the identity map on S. Let e 1 , . . . , e n be the edges in G \ T . For each i ∈ {1, . . . , n}, let f i = f + ei , and let φ i = (f i ) * : π 1 S → π 1 S. We can describe π 1 E as a multiple HNN extension
We are particularly interested in the case that π 1 E is Gromov hyperbolic. It is a theorem of Farb and Mosher [FM02] that such groups exist. As discussed in Section 2.5 below, our first step in cubulating such π 1 E will be to find a quasiconvex subgroup of G over which G splits as an amalgam or HNN extension. The fiber group π 1 (S) is normal in π 1 E, in particular not quasiconvex, so we will need to look at other ways of expressing E as a graph of spaces.
2.3. Tracks. The following definition is not standard, but it is the most useful for our purposes.
Definition 2.2. Let X be a topological space. A closed connected subset T ⊂ X is a track if there is a closed I-bundle neighborhood N of T in X. Thus, there is a deformation retraction N → T whose point-preimages are intervals.
A track is said to be 2-sided if the I-bundle structure is trivial; otherwise it is said to be 1-sided.
A 2-sided track T has a neighborhood homeomorphic to T × [0, 1]. As we remarked already, such a subset of X gives a graph of spaces structure on X with underlying graph G either an interval or a loop, so it gives a decomposition of π 1 X as an amalgam or HNN extension over π 1 T .
Remark 2.3. (Historical remarks) Traditionally, the setting of tracks is simplicial complexes. In that setting a track is a connected subset of a simplicial complex whose intersection with each closed n-dimensional simplex is a disjoint union of intersections with finitely many n-dimensional hyperplanes missing the vertices. (We view each n simplex as a subspace of R n+1 .) In particular, a track does not intersect the 0-skeleton, intersects each edge in a finite set of points and intersects each 2-simplex in a finite disjoint union of arcs, each of which has its endpoints in the 1-skeleton. We will refer to a track in this sense as a combinatorial track.
(Combinatorial) tracks were introduced by Dunwoody [Dun85] for 2-complexes and subsequently studied by him and others (see, for example, [Bow98, Del99, DS99, SS03, FP06] ). In the case that X is a 3-dimensional manifold, combinatorial tracks are known as normal surfaces, a subject which has been studied extensively over the past 30 years (see [Ken01] for a survey).
A track in our sense is more general, even in the presence of a simplicial structure. For example, the intersection with a simplex need not be composed of contractible pieces.
Tracks are not always π 1 -injective, but our aim will be to construct ones that are. In the main setting of this paper, X is a surface bundle over a graph, which decomposes as a union of copies of S g × I glued together along their boundaries. The intersection of a track in X with a copy of S g × I ⊂ X is necessarily a properly embedded surface. For the track to be two-sided it is necessary but not sufficient that these surfaces are two-sided. We will need to take further care to ensure the entire track is two-sided. If we can show a track is both two-sided and π 1 -injective, we obtain a decomposition of π 1 (X) as a free product with amalgamation or HNNextension. The following lemma will be exploited throughout the work. Proof. (See [DD89] for a proof in the case of 2-dimensional simplicial complexes. The proof in our setting is the same as Dicks-Dunwoody's.) Since X and τ are path-connected and τ has a product neighborhood, it is clear that X \ τ has at most two path components. Suppose there is only one.
There is a closed neighborhood N of τ and a homeomorphism φ : τ × [0, 1] → N . By shrinking N if necessary we can assume that X \ Int(N ) is path-connected. Projection onto [0, 1] and identifying the endpoints gives a continuous surjection π : X → S 1 . Fix x ∈ τ , and let σ 1 be the path φ(x×[0, 1]). Since X \Int(N ) is path connected, there is a path σ 2 joining the endpoints of σ 1 in the complement of N . Putting σ 1 and σ 2 together we get a map ψ :
has degree one, so π 1 X surjects Z, in contradiction to the assumption that X was simply connected.
Essentiality.
A track is said to be inessential if the associated graph of groups decomposition is a trivial splitting as a free product with amalgamation: namely G = A * C B where one of the maps C → A or C → B is an isomorphism. The reason such a splitting is considered trivial is that every group has one. Namely if G is any group and H is any subgroup then G ∼ = G * H H. Consequently it does not provide any new information about the group (again, see Scott and Wall [SW79] ). In our setting, τ will be a track in a compact space, namely a surface bundle X over a graph. In this proper, cocompact setting, essentiality will correspond to the following: every elevation of τ to the universal cover X will separate X into two components each of which contains points arbitrarily far away from τ . (Here for the metric we may use any proper G-equivariant metric on X.) Such components are referred to as deep components. Definition 2.5. Let X be a compact complex with hyperbolic fundamental group. A track T ⊂ X is called an an essential, incompressible quasiconvex track or EIQ track if it is two-sided, essential and if the induced map on fundamental group is injective with quasiconvex image.
Since X is compact with hyperbolic fundamental group, its universal coverX endowed with any π 1 X-equivariant geodesic metric is Gromov hyperbolic. Its Gromov boundary ∂ X is a compact metrizable space, and any subset Y ⊆ X has a well-defined limit set Λ(Y ) ⊆ X. The next lemma explains how the limit set of an elevation of a track cuts the boundary in two.
Lemma 2.6. Let X be a compact complex with hyperbolic fundamental group, and let T ⊆ X be an EIQ track. Let X be the universal cover of X, and let T be an elevation of T to X.
(1) The complement X \ T consists of two components, H 1 and H 2 .
Proof. An elevation of a track is a track, so (1) follows directly from Lemma 2.4.
Since
We shall now prove the reverse inclusion. Let p ∈ Λ(H 1 ) ∩ Λ(H 2 ). Since T is quasiconvex, each H i must also be quasiconvex. Fixing a base-point o ∈ T , there exists a geodesic ray γ based at o and tending to p which lies in a bounded neighborhood of both halfspaces. Any point at bounded distance from both halfspaces is also bounded distance from their intersectionT , so there is a sequence of points on T converging to p. This proves Λ(H 1 ) ∩ Λ(H 2 ) ⊂ Λ( T ) and establishes (2).
Fix i ∈ {1, 2}. The track T is essential, which implies that there are points {x j } j∈N in H i so d(x j , T ) → ∞. The stabilizer of T acts cocompactly on T . Thus {x j } can be chosen so that the closest point projections to T lie in some compact set K ⊂ T . This implies that there exists an upper bound C 0 on the Gromov inner product of any x j and any point in T with respect to some base-point in K. This means that, up to passing to a subsequence, x j converges to a point p whose Gromov inner product with any point in T is at least C 0 . Therefore p is contained in an open subset of Λ(H i ) missing Λ(T ). This establishes (3).
2.5. EIQ track implies cubulable. In this subsection we prove:
Our proof relies heavily on the following consequence of Wise's Quasiconvex Hierarchy Theorem 1.2 and Agol's Theorem 1.3.
Proposition 2.8. Suppose that G is a hyperbolic group which is either an HNN extension A * C or an amalgam A * C B so that:
(
1) The vertex groups (i.e. either A if G is an HNN-extension or A and B if G is an amalgam) are hyperbolic, cubulated; and (2) The edge group C is quasiconvex in G.
Then G is virtually special cubulated.
Proof. Agol's Theorem 1.3 tells us that the vertex groups are virtually special. Then Wise's Quasiconvex Hierarchy Theorem 1.2 tells us that G must also be virtually special. In particular it is cubulated. Now, let M be a surface bundle over a finite graph G with fiber S. Also, let π 1 (M ) = G. The key point we want to show that is that the vertex groups coming from cutting along an EIQ track are themselves cubulated.
Lemma 2.9. Let 0 ∈ G be an arbitrary point and let S 0 be the fiber over
Proof. We use the observations in Lemma 2.6 to establish this lemma.
Suppose not. Then S 0 ⊂ M \T . Let M ′ be the component of M \T containing S 0 . Since T is an EIQ track, its quasiconvex universal cover T separates the universal cover M into more than one deep component. By quasiconvexity and essentiality of T , the limit set ∂ T separates ∂ M = ∂G into non-empty subsets ∂ 1 G, ∂ 2 G, both having non-empty interiors. We can further assume without loss of generality that
But, π 1 (S 0 ) is normal in G and hence its limit set is all of G. In particular (since S 0 ⊂ M ′ ), the limit set of M ′ and hence N 1 is all of ∂G, contradicting the fact that ∂ 2 G has non-empty interior.
Since 0 ∈ G was arbitrary, Lemma 2.9 shows that T cuts every fiber S of M . To cut M c = M \ N ǫ (T ) further along quasiconvex tracks, we shall need the following refinement of a theorem of Scott and Swarup [SS90] due to Dowdall, Kent and Leininger [DKL14] (see also [MR18] ).
Theorem 2.10. Let 1 → π 1 S → G → F → 1 be an exact sequence of hyperbolic groups, where F is free. Let H < π 1 S be a finitely generated infinite index subgroup of π 1 S. Then H is quasiconvex in G.
Proof. Let α be an edge of the graph G and let 0 be an interior point of α. Let S 0 be the fiber above 0. Then (after an isotopy of the fiber if necessary) we may assume that S 0 \ N ǫ (T ) is a finite disjoint union ⊔ i S 0i of proper essential subsurfaces S 0i of S 0 . Since S is an embedded incompressible track (not quasiconvex) in M , it follows that each S 0i is an embedded incompressible track in M \ N ǫ (T ). Further, by Theorem 2.10, it follows that each π 1 (S 0i ) is quasiconvex in G and hence in the subgroup
Cutting each component of M \ N ǫ (T ) along such subsurfaces of S 0 as S 0 ranges over fibers over mid-points of all edges of G, the final pieces are homotopy equivalent to essential subsurfaces of S and hence have free fundamental group. Thus each component of M \ N ǫ (T ) admits a quasiconvex hierarchy, where the final pieces are finitely generated free.
Proposition 2.11 combined with Wise's Quasiconvex Hierarchy Theorem 1.2 immediately yields Theorem 2.7.
2.6. Metric surface bundles. If M is a surface bundle over a graph G with fiber S, then the cover of M corresponding to π 1 (S) is again a surface bundle M T over a tree, T , where T = G is the universal cover of G.
We shall also have need to equip such surface bundles over graphs with a metric structure. Here, the underlying graph G or tree T will be a metric tree.
Definition 2.12. Let (X, d) be a path-metric space equipped with the structure of a bundle P : X → G over a graph G with fiber a surface S (here we allow G to be a tree T ). Then P : X → G will be called a metric surface bundle if (1) There exists a metric h on S and λ ≥ 1 such that for all x ∈ G, P −1 (x) = S x equipped with the induced path-metric induced from (X, d) is λ−biLipschitz to (S, h).
(2) Further, for any isometrically embedded interval I ⊂ G, with I = [0, 1],
by an λ−bi-Lipschitz fiber-preserving homeomorphism that is λ−bi-Lipschitz on the fibers. Definition 2.12 above is a special case of the more general notion of metric bundles introduced in [MS12] .
Tight trees and models
Let M → G be a surface bundle over a graph as in Section 2 where the edge and vertex spaces are all homeomorphic to a closed surface S. Then the cover of M corresponding to π 1 (S) is again a surface bundle over a graph with base graph the universal cover G of G. In what follows in this section, we shall denote the tree G by T .
The curve graph C(S) of an orientable finite-type surface S is a graph whose vertices consist of free homotopy classes of simple closed curves and edges consist of pairs of distinct free homotopy classes of simple closed curves that can be realized by curves having minimal number of intersection points (2 for S 0,4 , 1 for S 1,1 and 0 for all other surfaces of negative Euler characteristic). A fundamental theorem of Masur-Minsky [MM99] asserts that C(S) is Gromov-hyperbolic. In fact, Hensel, Przytycki and Webb [HPW15] establish that all curve graphs are uniformly hyperbolic. The Gromov boundary ∂C(S) may be identified with the space EL(S) of ending laminations [Kla99] . We shall be interested in surface bundles coming from trees T embedded in C(S). In this section, we will briefly recall from [Mj19] the construction of a geometric structure on such surface bundles. The ingredients of this construction are as follows:
(1) A sufficient condition to ensure an isometric embedding of T into C(S).
(2) The construction of an auxiliary metric tree BU(T ) from T where each vertex v is replaced by a finite metric tree T v called the tree-link of v (see Definition 3.4). We refer to BU(T ) as the blown-up tree. (3) The construction of a surface bundle M T over BU(T ). The metric tree BU(T ) captures the geometry of the base space of the bundle M T , while the tree T only captures the topological features. (4) An effective construction of a metric on M T such that the universal cover M T is δ−hyperbolic, with δ depending only on some properties of T (see Theorems 3.10 and 3.13 below for precise statements).
3.1. Tight trees of non-separating curves. We refer the reader to [MM00] for details on subsurface projections (the necessary material is summarized in [Mj19, Section 2.1]).
Definition 3.1. [Mj19, Section 2.2] For any L ≥ 1, an L−tight tree of nonseparating curves in the curve graph C(S) consists of a simplicial tree T of bounded valence and a simplicial map i : T → C(S) such that for every vertex v of T and for every pair of distinct vertices u = w adjacent to v in T ,
An L−tight tree of non-separating curves for some L ≥ 3 will simply be called a tight tree of non-separating curves. Such a tree is called a tight tree of homologous non-separating curves if, further, the curves {i(v) : v ∈ T } are homologous.
Note that T need not be regular. We shall need the following condition guaranteeing that tight trees give isometric embeddings. 
Further, P v maps the vertices of i(lk(v)) to the terminal vertices (leaves) of T v such that for any pair of vertices
Definition 3.4. The finite tree T v is called the tree-link of v.
Definition 3.5. For i : T → C(S) a tight tree of non-separating curves and v any vertex of T , the topological building block corresponding to v is
The block M v contains a distinguished subcomplex i(v) × T v denoted as R v which we call the Margulis riser in M v or the Margulis riser corresponding to v.
Note that in the definition of the Margulis riser, i(v) is identified with a nonseparating simple closed curve on S. The Margulis riser will take the place of Margulis tubes in doubly degenerate hyperbolic 3-manifolds. See also Definitions 4.1 and 4.4 below clarifying the use of the word "riser."
Let i : T → C(S) be a tight tree of non-separating curves. The blow-up BU(T ) of T is a metric tree obtained from T by replacing the 1 2 −neighborhood of each v ∈ T by the tree-link T v (see [Mj19, Section 2.3] for a more detailed description).
Assembling the topological building blocks M v according to the combinatorics of BU(T ), we get the following: Definition 3.6. The topological model corresponding to a tight tree T of non-separating curves is M T = S × BU(T ). Π : M T → BU(T ) will denote the natural projection giving M T the structure of a surface bundle over the tree BU(T ).
For every v, the tree-link T v occurs as a natural subtree of BU(T ) and M v occurs naturally as the induced bundle Π :
The intersection of the tree-links T v , T w ⊂ BU(T ) of adjacent vertices v, w of T will be called a mid-point vertex vw. The pre-image Π −1 (vw) of a mid-point vertex will be denoted as S vw and referred to as a mid-surface.
3.3. Model geometry. We now recall from [Mj19, Section 3 ] the essential aspects of the geometry of M T . To do this we need an extra hypothesis.
Definition 3.7. An L−tight tree i : T → C(S) of non-separating curves is said to be R−thick if for any vertices u, v, w of T and any proper essential subsurface W of S \ i(v) (including essential annuli),
where d W (· , ·) denotes distance between subsurface projections onto W .
Remark 3.8. The condition on R−thickness is really a local condition. By the Bounded Geodesic Image Theorem [MM00] , it follows that it suffices to bound d W ((i(u), i(w)) whenever u, w are adjacent to v.
Here, as elsewhere in this paper, a Margulis tube in a hyperbolic 3-manifold N will refer to a maximal solid torus T ⊂ N , with inj x ≤ ǫ M for all x ∈ T, where ǫ M is a Margulis constant for H 3 fixed for the rest of the paper. In particular, all Margulis tubes are closed and embedded. For l a bi-infinite geodesic in T , let l ± denote the ending laminations given by the ideal end-points of i(l) ⊂ C(S) and let V(l) denote the vertices of T occurring along l. Let N l denote the doubly degenerate hyperbolic 3-manifold with ending laminations l ± . Then l gives a bi-infinite geodesic in C(S) which is an L−tight R−thick tree with underlying space R.
Definition 3.9. The manifold N l will be called a doubly degenerate manifold of special split geometry corresponding to the L−tight R−thick tree l.
The reason for the terminology in Definition 3.9 will be explained in More generally, let φ 1 , · · · , φ k freely generate a free convex cocompact subgroup Q = F k . There exists R such that if Q preserves a quasi-isometrically embedded tree T Q ⊂ C(S), then T Q is also R−thick.
3.3.1. Tube electrified metric. It would be nice if ( M T , d weld ) were δ−hyperbolic with a constant δ independent of L. This is simply not true as the Margulis risers R v lift to flat strips of the form R × T v and so the constant δ depends on the length of the largest isometrically embedded interval in T v . There are a couple of ways to get around it. One way is to use relative hyperbolicity [Far98] . We shall use an alternate approach using pseudometrics and partial electrification [MP11] that preserves the
An auxiliary pseudometric on M T was defined in [Mj19] as follows. Equip each Margulis riser R v = S 1 × T v with a product pseudometric that is zero on the first factor S 1 and agrees with the metric on T v on the second. Let (S 1 × T v , d 0 ) denote the resulting pseudometric. The distance between any two points is now defined to be the infimum of lengths of paths given as a concatenation of subpaths lying either entirely R v or entirely outside R v except for end-points.
The tube-electrified metric d te on M T is defined to be the path-pseudometric that agrees with d te on M v for every v. 
The lift of the metric
Note that δ 0 in Theorem 3.13 depends on R but not on L provided L is large enough.
Split geometry from a hyperbolic point of view.
For l ⊂ T a bi-infinite geodesic and v ∈ l a vertex, the tree link T v,l corresponding to the vertex v and tree l is an interval of length
where u, w are the vertices on l adjacent to v. Note that since the underlying space of l regarded as a tree is the real line R, we have an equality above. If on the other hand l is regarded as a bi-infinite geodesic in a tree T of bounded degree then the equality above is true only up to an error depending on the cardinality of v given by Lemma 3.3.
We fix a hyperbolic structure (S, h) on S for the rest of the discussion.
Definition 3.14. A D−bounded geometry surface in a hyperbolic manifold N is the image of a D−bi-Lipschitz embedding of (S, h) in N . Ordering the vertices of l by i ∈ Z, if v is the i−th vertex on l, we denote h v by h i and call it the height of the i−th split block.
There exists a solid torus neighborhood
3.3.3. Geometric limits. We shall need a few facts on geometric limits of doubly degenerate hyperbolic 3-manifolds N l of special split geometry (see for instance [Thu80, Chapters 8, 9 ], [CEG87, Chapter I.3] and [Kap01, Chapters 8, 9] for details on geometric limits). In the proof of Proposition 6.13, we shall need to consider geometric limits of a sequence of special split geometry manifolds N n with fixed parameters. For every n, fix a base split surface S 0,n ⊂ N n containing a basepoint x n . Assume without loss of generality (passing to a subsequence if necessary) that the triples (N n , S 0,n , x n ) converge geometrically. The base split surfaces S 0,n are identified with each other by bi-Lipschitz homeomorphisms with bi-Lipschitz constant converging to 1. Let N ∞ denote the geometric limit of N n with base surface S 0,n (after passing to subsequences if necessary).
Denote the i−th split surface (resp. split block) of N n as S i,n (resp. B i,n ). Denote the i−th splitting tube, i.e. the splitting tube in B i,n , as T i,n . Let h i,n denote the height of B i,n . Two cases arise for each i (passing to a further subsequence if necessary): Either h i,n remains bounded as n tends to infinity or h i,n tends to infinity as n tends to infinity.
We shall now describe geometric limits for the positive and negative ends N + n and N − n of N n as n → ∞. If h i,n remains bounded for all i ≥ 0 (resp. i < 0), then the positive (resp. negative) ends N + n (resp. N − n ) converge to a degenerate end of special split geometry. Else, let i be the least positive integer such that h i,n tends to infinity as n tends to infinity. Then the splitting tubes T i,n converge to a rank one cusp. Similarly, for the negative ends.
Definition 3.17. If h i,n tends to infinity as n tends to infinity, the geometric limit B i,∞ of B i,n will be called a limiting split block.
Remark 3.18. Note that a limiting split block B i,∞ contains a rank one cusp arising as a limit of the splitting tubes T i,n .
Thus, when h i,n tends to infinity as n tends to infinity, the split blocks B j,n converge in the geometric limit N ∞ , to split blocks B j,∞ for j < i, while the split blocks B i,n converge to a limiting split block B i,∞ containing a rank one cusp. In either case, the sequence of split surfaces S i,n converges to a D−bounded geometry surface S i,∞ . We shall also refer to S i,∞ as a split surface in N ∞ .
Geometric limits of (M n , d weld ): Next, let (M n , d weld ) denote the metric surface bundle (cf. Definition 2.12) L−bi-Lipschitz to N n away from risers and Margulis tubes (Theorem 3.10 Item (2)). Let (M n , d te ) denote the corresponding tubeelectrified metric. In what follows, by a geometric limit of (M n , d weld ) we shall mean a pointed Gromov-Hausdorff limit (see [Jan17] for a careful discussion). There is a uniform (independent of n) lower bound ǫ 0 on systoles of (M n , d weld ).
Further, the local geometry of (M n , d weld ) is controlled in the sense that ǫ0 2 −balls have the following geometry. Take an ǫ0 2 −ball B in H 3 , remove from it part of a totally geodesic plane P bounded by a geodesic. Let B denote the path-metric completion of (B \ P ). Then the boundary of B looks like a part of a totally geodesic plane folded in half; equivalently it looks like two copies P 1 , P 2 of P ∩ B glued along the boundary geodesic. Let E denote the inverse image of P ∩ B under the exponential map. Then gluing P i to E under the inverse of the exponential map (for i = 1, 2) we have a new ball B ′ . It follows from Theorem 3.10 that all 3.4. A criterion for quasiconvexity. Finally, we recall from [Mj19, Section 4.5] a necessary and sufficient condition for promoting quasiconvexity in vertex spaces X v to quasiconvexity in the total space ( M T , d te ). We refer the reader to [BF92, MR08, Gau16] for the relevant background on trees of relatively hyperbolic spaces and the flaring condition. Let P : ( M T , d te ) → BU(T ) denote the usual projection map. Also (X v , d v ) will denote P −1 (v) for v ∈ BU(T ). We recall some of the necessary notions from [Mj19] . In [Mj19, Lemma 4.19], we showed that given a genus g ≥ 2, there exists ρ 0 , depending only on g and the maximum valence of T , such that for all x ∈ ( M T , d weld ) (resp. x ∈ ( M T , d te )) there exists a ρ 0 −qi-section (i.e. a section that is a ρ 0 -qi-embedding) of the bundle P : ( M T , d weld ) → BU(T ) (resp. P : ( M T , d te ) → BU(T )). When we refer to qi-sections below in ( M T
The girth of such a hallway is min t L t . 
Conversely, given δ 0 , C 0 , there exist K, C such that the following holds.
and flares in all directions with parameter K.
The stairstep construction
The
(1) A tight geodesic v 0 , v 1 , . . . , v n in the curve graph C(S) Gluing S × {0} to S × {n} via a homeomorphism φ : S → S taking σ 0 to σ n we obtain a surface (we will also call this a stairstep) T N in the mapping torus In our language, what they build is a stairstep consisting of a single tread and riser. By taking care with orientations they ensure this stairstep T N is an orientable surface which can be isotoped to be transverse to the suspension flow. Such a surface must be incompressible, as can be seen by lifting it to the universal cover and observing that any flowline can intersect the lift at most once. (In fact, Cooper-Long-Reid prove not just incompressibility, but the stronger assertion that T N is Thurston norm minimizing).
To ensure that the surface T N is geometrically finite (i.e. T N is quasiconvex in the universal cover N ), [CLR94] requires further that any elevation of T N to N misses a flow-line. That this suffices to show geometric finiteness uses some machinery (either from the Thurston norm [CLR94, 3.14] or from Cannon-Thurston maps); we refer to [CLR94] for details. We are sometimes able to use a different argument to prove incompressibility and quasi-convexity; see Sections 5.1 and 7.
The tree-stairstep.
Definition 4.4. A tree-stairstep in the topological model M T = S × BU(T ) corresponding to a tight tree T of homologous non-separating curves is built from the following data:
(1) A tight tree i : T → C(S) of non-separating curves such that the simple closed curves {i(v) : v ∈ V (T )} on S corresponding to v are homologous to each other. (2) For every pair of adjacent vertices v, w of T , let Tread vw be an essential subsurface of the mid-surface S vw (cf. Definition 3.6) with boundary equal to (i(v) ∪ i(w)). These subsurfaces Tread vw shall be referred to as treads. The union T T of the treads and risers ∪ v Riser v ∪Tread vw will be referred to as a tree-stairstep in M T = S × BU(T ) associated to i : T → C(S).
Main Theorem.
The following is the main theorem of this paper and will be proven in Section 7. 
(4) If in addition there exists L 1 such that for every vertex v of T and for every pair of distinct vertices
u = w adjacent to v in T , d C(S\i(v)) (i(u), i(w)) ≤ L 1 , then ( M T , d weld ) is hyperbolic and T T is quasiconvex in ( M T , d weld ).
Examples of EIQ tracks
In this section, we shall give several families of examples to which Theorem 4.5 applies.
We start with some constructions of embedded geometrically finite surfaces in hyperbolic 3-manifolds. We shall then construct EIQ tracks in complexes fibering over finite graphs and hence by Theorem 2.7 construct cubulable complexes whose fundamental groups G are hyperbolic and fit into exact sequences of the form
5.1. Stairsteps in 3-manifolds. Our aim here is to construct a hyperbolic 3-manifold fibering over the circle and a stairstep in it. The first example of a stairstep we shall furnish has 2 treads and 2 risers. In a sense these are the simplest example of quasiconvex stairsteps. To the best of our knowledge, these are somewhat new even in the 3-manifold world inasmuch as they provide explicit examples of incompressible embedded surfaces in 3 manifolds fibering over the circle that cannot necessarily be isotoped to be transverse to the flow. We will indicate a generalization to k treads and k risers below. A somewhat different construction with 1 tread and 1 riser will be given later.
Let M CG(S, α) be the subgroup of M CG(S) fixing a simple closed curve α, i.e. M CG(S, α) = Stab(α) ⊂ M CG(S). Then M CG(S, α) is quasi-isometric to the product M CG(S \ α) × Z, where Z is the mapping class group of an annular neighborhood A of α (rel. boundary). To see this, note first that there is a central extension
It remains to show that there is a coarse surjection M CG(S, α)
p → Z such that p • i is a bounded distance from the identity. To this end we shall use the the marking graph M(S) from [MM00] , where it is shown that the mapping class group is quasiisometric to M(S). Now, define M(S, α) to be the subgraph of M(S) consisting of all markings that share the base-curve α. Let tw α denote Dehn twist about α. We assume that tw α is supported in a compact annulus contained in A. As in [MM00, Section 2.4] and [BM08, p. 1060], M(A) is identified with the curve complex C(A). In other words, we choose a transversal γ to α, fix γ ∩ A as a basevertex in C(A), construct the remaining vertices tw i α (γ) ∩ A by Dehn twists about α and join a pair of such vertices if the corresponding arcs can be isotoped to be disjoint (except for the end-points on the boundary of A). If µ ∈ M(S, α), observe that the collection base(µ) of base curves of µ has the form base(µ) = α ⊔ β, where β is a collection of curves arising as the vertex set of a maximal simplex in C(S \ α). Also the transversal to any curve in β is disjoint from α. Hence, tw α acts trivially on M(S \ α). Clearly, tw α acts by translation on M(A).
By [BM08, Lemma 1.7], a coarsely Lipschitz subsurface projection of M(S) onto M(A) exists, as also a coarsely Lipschitz subsurface projection of M(S) onto M(S \ α). Further, a marking in M(S, α) is coarsely determined by its projections to M(S \ α) and M(A) (see, in particular, [MM00, Lemma 2.4]). It follows that M(S, α) is quasi-isometric to M(S \ α) × M(A).
Further, the quasi-isometry respects the action of tw α . This proves the claim that M CG(S, α) is quasi-isometric to the product M CG(S \ α) × Z. Let d A (. , .) denote distance between subsurface projections on A.
Definition 5.1. Let R > 0. For an element ψ ∈ M CG(S, α), the sequence ψ n is said to said to be renormalized by tw kn α to have R−bounded Dehn twist along α if, for all x ∈ M(S),
Since M(S, α) is quasi-isometric to M(S \ α) × M(A), it follows from the discussion above that there exists R 0 > 0 such that for all R ≥ R 0 and ψ ∈ M CG(S, α), a sequence of renormalizing Dehn twists tw Since an R > 0 and a sequence k in as above always exists, we abbreviate this by saying that ψ is a pseudo-Anosov homeomorphism of S in the complement of σ. Also, we shall denote the renormalized pseudo-Anosov homeomorphisms tw and any n ∈ Z, there exist renormalizations ψ n such that
Proof. For W a connected component of A, this follows from the hypothesis on ψ that for every component σ i of σ, ψ has no Dehn twist about σ i . For W a proper essential subsurface of a component of S \ A, this follows from Lemma 3.11.
Stairsteps in 3-manifolds: 2 treads Let σ 1 , σ 2 be homologous disjoint non-separating simple closed curves on S. Let ψ i : S → S be pseudo-Anosov homeomorphisms in the complement of σ i , i = 1, 2. As in Definition 5.2, the renormalized pseudo-Anosov homeomorphisms will be denoted by ψ 
Further, by Lemma 5.3, there exists R such that any tight geodesic in C(S \ σ i ) preserved by ψ i (and hence by any of its powers or renormalized powers) is R−thick. For i = 1, 2, let v i be the vertex of C(S) corresponding to σ i . Hence, given any L > 1 there exists p 0 > 1, such that for all p ≥ p 0 , the sequence
is an L−tight geodesic by Proposition 3.2. By Lemma 5.3, it is R−thick as well. More generally, for all p 1 , p 2 with |p i | ≥ p 0 , the sequence
is an L−tight R−thick geodesic. The cover of M p (or more generally M (p 1 , p 2 )) corresponding to π 1 (S) is denoted as M T . Let T T denote the associated stair-step in M T constructed equivariantly with respect to the Z−action generated by Φ p (resp. Φ(p 1 , p 2 )). Let T denote the quotient stairstep in M p (resp. more generally in M (p 1 , p 2 )). Then, by Theorem 4.5 T is geometrically finite in M p (resp. more generally in M (p 1 , p 2 )).
Stairsteps in 3-manifolds: k treads
There is a straightforward generalization of the above construction to a stairstep with k treads and k risers. Let v 1 · · · , v k ∈ C(S) be a sequence of vertices in C(S) forming a tight geodesic of simple closed non-separating curves σ i that are homologous. As in the above construction, let ψ i : S → S be pseudo-Anosov homeomorphisms in the complement of σ i . Let I = {1, · · · , k} denote a multi-index and p I denote a k−tuple (p 1 , · · · , p k ) of integers. We say that p I ≥ p if for each i, |p i | ≥ p. Define Φ(p I ) = ψ p1 1 · · · ψ p k k and let M (p I ) be the 3-manifold fibering over the circle with fiber S and monodromy Φ(p I ). By Lemma 5.3, there exists R such that any tight geodesic in C(S \ σ i ) preserved by ψ i (and hence by any of its renormalized powers) is R−thick (for
Again given any L > 1 there exists p 0 > 1, such that for all p I ≥ p 0 , the sequence
is an L−tight geodesic by Proposition 3.2. By Theorem 4.5 the associated stairstep surface T in M (p I ) is geometrically finite. We restate the conclusion of the above construction as follows: Remark 5.5. The existence of a quasiconvex hierarchy for such M (p I ) now follows from Proposition 2.11. In fact, Thurston's theorem [Thu86a] shows that the Haken hierarchy is quasiconvex provided that the first surface is so. Cubulability of such manifolds now follows from Wise's Theorem 1.2). Theorem 8.4 will generalize Theorem 4.5 to the case of a tree of homologous curves (possibly separating). Thus Proposition 5.4 can be extended to prove the existence of a geometrically finite surface in a class of fibered hyperbolic 3-manifolds with first Betti number one. In [Sis18] , Sisto found sufficient conditions on Heegaard splittings of rational homology 3-spheres M to guarantee that they were Haken. The construction of Proposition 5.4 may be regarded as an analog of the main theorem of [Sis18] in the context of fibered manifolds M . 5.2. Tree stairsteps. We will now generalize the above construction to surface bundles over graphs. Given R > 0, choose L ≫ 1 as in Theorem 4.5. For j = 1, · · · , n, let γ j := · · · , v −1,j , v 0 , v 1,j , · · · be R−thick L−tight geodesics of homologous non-separating curves in C(S) invariant under pseudo-Anosov homeomorphisms Φ j respectively (constructed as in Section 5.1). Note that v 0 belongs to γ j for all j = 1, · · · , n. Since there is a unique non-separating curve on S up to the action of the mapping class group M CG(S) any tight geodesic of homologous non-separating curves may be translated by an element of M CG(S) so that the image contains v 0 (and thus this is a rather mild condition).
For j = 2, · · · , n, and We describe the construction more precisely.
Definition 5.6. Suppose that γ j = {v ij }, i ∈ Z, j = 1, · · · , n is a finite collection of L−tight R−thick geodesics, all passing through v 0 = v 0j . A collection Ψ j ∈ M CG(S, v 0 ), j = 1, · · · , n is said to be a family of (L, R)−large rotations about v 0 for γ j , j = 1, · · · , n if for any distinct v, w ∈ j {Ψ i v ±1,j }, Let Q be the group generated by
is the identity). Then the union of the Q−translates of
Proof. By choosing L sufficiently large (depending only the genus of S), Proposition 3.2 shows that Q is a convex cocompact free subgroup of M CG(S) of rank n and T is an L−tight tree. R−thickness of T follows from R−thickness of the Ψ j (γ j )'s and the hypothesis that Ψ j 's are (L, R)−large rotations about v 0 for γ j , j = 1, · · · , n. The last statement now follows from Theorem 4.5.
We now have the following application of Theorem 4.5. It gives one of the main new examples of cubulable groups provided by this paper:
Theorem 5.8. Let Q be a convex cocompact free subgroup of M CG(S) of rank n as in Proposition 5.7 above. Let
be the induced exact sequence of hyperbolic groups. Then G admits a quasiconvex hierarchy and is cubulable and virtually special.
Proof. Proposition 5.7 above furnishes the existence of an EIQ track T . Theorem 2.7 now shows that G admits a quasiconvex hierarchy. Hence, by Wise's Theorem 1.2, G is cubulable and virtually special.
5.3.
Stairsteps from regular tight trees. In Section 5.2 above, the tight tree T constructed in Proposition 5.7 is not regular. In this section, we sketch a construction of a regular tight tree and its associated tree-stairstep. Stairstep in 3-manifolds with 1 riser: We first give a construction of an incompressible geometrically finite surface in a 3-manifold using one tread and one riser. Let σ ⊂ S be a non-separating curve and ψ : S → S be a pseudo-Anosov homeomorphism in the complement of σ. Let r : S → S be an order 2-homeomorphism such that r(σ) is homologous to σ, and r(σ) ∩ σ = ∅. Let Φ n = r • ψ n (recall from Definition 5.2 that ψ n denotes a renormalized pseudo-Anosov). Then, d C(S\σ) (ψ −n (r(σ)), (r(σ))) is O(n). Hence there exists R, N 0 ∈ N such that for all n ≥ N 0 , the sequence Tree stairsteps with one riser: We now adapt the above example to construct tree-stairsteps. For ease of exposition, we will describe the construction for n = 2. Let σ be as above. For j = 1, 2, let ψ j : S → S be pseudo-Anosov homeomorphisms in the complement of σ. If ψ 1 , ψ 2 have distinct stable and unstable laminations in (S \ σ), then by a ping-pong argument (see [FM02] for instance), ψ m 1 , ψ m 2 restricted to (S \ σ) generate a convex cocompact rank 2 free subgroup of M CG(S \ σ) for all large enough m. Assume without loss of generality therefore that ψ 1 | (S\σ) , ψ 2 | (S\σ) is a convex cocompact rank 2 free subgroup of M CG(S \σ).
Next, let r 1 , r 2 be order two homeomorphisms of S satisfying the conditions on r above. We further require that d C(S\σ) (r 1 (σ), r 2 (σ)) is large.
For m large enough, let Φ i = ψ m i • r i . Then the orbit of σ under Φ 1 , Φ 2 gives an L−tight R−thick tree of homologous non-separating curves. We construct two treads Tread i in the topological building block (Definition 3.5) M v for v = σ as follows: for i = 1, 2, Tread i is defined to be an essential subsurface of S with σ∪r i (σ) as its boundary. The tree-link T v has, as its terminal vertices {Φ 
Quasiconvexity of treads
For the purposes of this section, we fix a closed surface S of genus at least 2. The main theorem of this section is the following: The proof of Theorem 6.1 will occupy this section. We will need to recall some technology first.
6.1. Laminations, Cannon-Thurston Maps and quasiconvexity. Definition 6.2. Let H be a hyperbolic subgroup of a hyperbolic group G. Let Γ H , Γ G denote Cayley graphs of H, G with respect to finite generating sets. Assuming that the generating set of G contains the generating set of H, let i : Γ H → Γ G denote the inclusion map. Let Γ H and Γ G denote the Gromov compactifications of Γ H , Γ G .
A Cannon-Thurston map for the pair (H, G) is a mapî : Γ H → Γ G which is a continuous extension of i.
We shall denote the Gromov boundaries of H, G by ∂H, ∂G respectively. Note that these are independent of the choice of finite generating sets. Definition 6.5. Suppose that a Cannon-Thurston map exists for the pair (H, G).
It is easy to see that Λ CT is an algebraic lamination. We call it the Cannon-Thurston lamination. Theorem 6.7. [Can96] Let S be a closed surface and N be a doubly degenerate hyperbolic 3-manifold without parabolics homeomorphic to S × R. Let H ⊂ π 1 (S) be a finitely generated infinite index subgroup of π 1 (S). Then H is geometrically finite and any H−orbit is quasiconvex in H 3 .
Theorem 6.8.
be an exact sequence of hyperbolic groups, where H is a surface group. Let L be a finitely generated infinite index subgroup of H. Then L is quasiconvex in G.
We remark that the existence of an exact sequence of hyperbolic groups as in Theorem 6.8 forces H to be a free product of surface groups and a free group [RS94] . Thus the assumption that H is a surface group in Theorem 6.8 is not too restrictive.
For a convex cocompact subgroup Q of M CG(S), it was shown in [FM02, KL08] that ∂Q embeds canonically in the projectivized measured lamination space PML(S) = ∂Teich(S) and also in the ending lamination space EL(S) = ∂C(S). The associated map from ∂Q, thought of as a subset of PML(S), to ∂Q, thought of as a subset of EL(S), simply forgets the measure. Thus, ∂Q ⊂ EL(S) parametrizes a family of ending laminations. The ending lamination corresponding to z ∈ ∂Q will be denoted as Λ z .
Theorem 6.9. [MR18] Let 1 → H → G → F n → 1 be an exact sequence of hyperbolic groups, with H a closed surface group. Then a Cannon-Thurston map exists for the pair (H, G) and the Cannon-Thurston lamination is given as a union of ending laminations parametrized by ∂F n :
6.2. Uniform quasiconvexity of subsurfaces in bounded geometry. We motivate the proof of Theorem 6.1 by proving the corresponding statement for bounded geometry doubly degenerate hyperbolic 3-manifolds and bounded geometry bundles over trees. Lemma 6.10 and Proposition 6.11 below are not logically necessary for the rest of the paper. However, especially for those familiar with the model of bounded geometry manifolds [Min94] , it gives a simplified version of one of the main steps of Theorem 4.5. To state it correctly we must use some tools and terminology not otherwise used in the paper.
It is shown in [Min94] that given ǫ > 0 there exists e > 0 and L > 1 such that the following holds:
Let N be a doubly degenerate hyperbolic 3-manifold with injectivity radius bounded below by ǫ > 0 and ending laminations N ± . Then there is a bi-infinite Teichmüller geodesic l in Teich e (S) with endpoints N ± , and the universal curve M l over l is L-bi-Lipschitz homeomorphic to N .
We will call M l equipped with this metric the Minsky model for N . We shall say that an incompressible surface (possibly with boundary) in M l is geometrically finite if the corresponding surface in N is geometrically finite. Proof. The existence of e > 0 follows from the discussion preceding the Lemma. We argue by contradiction. Suppose that the statement is not true. Then there exists a sequence of worse and worse counterexamples with data given by bi-infinite geodesics l i ⊂ Teich e (S), M i the universal curve over l i , x i ∈ l i , S i the fiber over x i , v i null-homologous multicurves in S i of length at most c and an essential subsurface Σ i of S i with boundary v i . Since M CG(S) acts cocompactly on Teich e (S), we can assume further that all the x i 's lie in a compact subset of Teich e (S). Choosing base-points y i ∈ S i , we pass to a geometric limit of a based sequence (M i , y i ). Such a limit exists because of the following. Firstly, a geometric limit N ∞ of the corresponding N i 's exist and has the same lower bound on injectivity radius. Note also that, in fact, the geometric limit is a strong limit, i.e. the corresponding Kleinian groups converge algebraically. Hence there exists a Minsky model M l such that N ∞ is bi-Lipschitz to M l where l is a bi-infinite geodesic in Teich δ for some δ > 0 depending on e.
Secondly, the homeomorphisms between M i and N i are uniformly bi-Lipschitz (with bi-Lipschitz constant depending only on ǫ). The argument below shows that if the limit of a sequence Σ i of essential subsurfaces is quasiconvex in M ∞ , then Σ i 's are uniformly quasiconvex (with quasiconvexity constant depending only on ǫ). After passing to a subsequence if necessary, we have the following:
Hence via the bi-Lipschitz homeomorphism to M l we have an x ∈ l such that the surface S x ⊂ M l is at a uniformly bounded distance from the image of S ∞ (the bound depends only the bi-Lipschitz constant above and hence only on ǫ). We can, in fact assume, after passing to a further subsequence, that as vertices of a simplex in the curve-complex, the multicurves v i form a constant sequence. Recall [FM02] that a subgroup Q of M CG(S) is K 0 −convex cocompact if the weak hull in Teich(S) of its limit set in PML(S) lies in the K 0 −neighborhood of a point o ∈ Teich(S). Let 1 → H → G → Q → 1 be the associated exact sequence of hyperbolic groups. Let Hull(∂Q) ⊂ Teich ǫ (S) denote the weak hull of ∂Q in Teich ǫ (S). Then there exists a tree T equipped with a geometric action of Q and a Q−equivariant K−qi-embedding of T into Hull(∂Q), where K depends on K 0 alone. We denote the image of T under the qi-embedding also as T . Proof. Lemma 6.10 shows that there exists C 0 such that Tread vw is C 0 −quasiconvex in M l for any bi-infinite l ⊂ Teich ǫ (S) passing through (or more generally, within a uniformly bounded distance, depending only on ǫ, of) x.
We refer the reader to [Mj19, 6.3. Uniform quasiconvexity of treads in split geometry manifolds. Let l be an L−tight R−thick tree whose underlying topological space is homeomorphic to R. Recall from Section 3.3.3 that the associated doubly degenerate 3-manifold N l is of special split geometry. As in Section 3.3.3, let {B i } denote split blocks, S i = B i−1 ∩ B i denote split surfaces, and τ i (+), τ i (−) be the geodesics on S i corresponding to the core curves of the splitting tubes T i , T i−1 . For convenience of notation, we shall also refer to the splitting tubes T i , T i−1 as T i (+), T i (−) respectively. Also recall that there exists D ≥ 1 such that any split surface is of D−bounded geometry.
Let S c,i ⊂ S i \(τ i (+)∪τ i (−)) denote a component of the surface S i cut open along the curves τ i (+), τ i (−). Let S c,i be an elevation of S c,i to the universal cover N l . Let S i ⊂ N l denote the set obtained by adjoining to S c,i all the elevations of T i (+) and T i (−) that abut S c,i . Recall that l i is the 'height' of the standard annulus in the welded split block B i . By the construction of tree-links, l i is approximately equal to d C(S\vi) (v i−1 , v i+1 ) (up to an additive constant depending on R alone).
Remark 6.12 (Dependence of constants). Before we state the next Lemma, we briefly recount for the convenience of the reader, the implicit dependence of constants involved. Uniformity of the quasiconvexity constant C in Lemma 6.13 below is crucial in our argument. The statement of Lemma 6.13 shows that it depends on R (the parameter determining R−thickness). It also depends on the genus of the surface S; but this has been fixed at the outset. In the final proof of Theorem 6.1, the quasiconvexity constant C will depend also on the valence of the tree T . The constant C certainly depends on the parameters D, ǫ of special split geometry in Definition 3.16; but as shown in Proposition 3.15, the parameters D, ǫ depend in turn only on R (and implicitly on the genus of S).
We shall prove that Lemma 6.13. Given R > 0, there exists C ≥ 0 such that the following holds. Let l be an L−tight R−thick tree of homologous non-separating curves in C(S) whose underlying topological space is homeomorphic to R and let N l be the corresponding doubly degenerate manifold of special split geometry. Let S i be as above. Then, for all i, S i is C−quasiconvex in N l .
Proof. Note that quasiconvexity of S i was already known by Theorem 6.8. The effective dependence of C on R is what we establish now.
We argue by contradiction. Suppose that the statement is not true. We carry out a geometric limit argument and use the description of geometric limits from Section 3.3.3. Let {(N m , x m )} be a sequence of worse and worse counterexamples, where we assume that x m lies on a split surface S(m) ⊂ N m (we use the notation S(m) to distinguish from a sequence S i of split surfaces exiting the end of a fixed N m ). Then, (after passing to a subsequence if necessary), a geometric limit N ∞ exists, Proof of Claim 6.14. We now pass to the cover of N ∞ corresponding to π 1 (S c ) and apply the failure of quasiconvexity of S. Since {(N m , x m )} is a sequence of worse and worse counterexamples to the statement of the Lemma, the limiting connected subsurface S c cannot be geometrically finite with possible cusps only along τ (+) ∪ τ (−). Hence S c is either geometrically infinite or there exists a nonperipheral curve α on S c that is parabolic in N ∞ . In the latter case, we say that S c has an accidental parabolic. Since π 1 (S c ) is a subgroup of π 1 (N (∞)), it is geometrically tame as a Kleinian group [Bon86, Can96, Can93] . Hence, either there exists an accidental parabolic on S c or there exist simple closed curves α n on S c such that (Condition 1:) α n is not homotopic to either of the peripheral curves τ (+), τ (−), and (Condition 2:) The geodesic realization of α n in the geometric limit N (∞) lies at distance at least n from S c .
In either case, there exists an ending lamination of N (∞) supported strictly in the interior of S c .
We return to the proof of Lemma 6.13: N (∞) can have one of the following types according to the cases enumerated below (see Section 3.3.3):
(1) The heights l(m+), l(m−) of the split blocks B(m+), B(m−) remain bounded along the sequence. Two subcases arise. If N (∞) is doubly degenerate, quasiconvexity of S follows from Theorem 6.7. This is a contradiction. In case N (∞) has rank one cusps, then these must necessarily correspond to curves v in the curve graph C(S) at distance at least 2 from either τ (+) or τ (−) or both. In particular v cannot have distance 1 from both τ (+) and τ (−) and cannot be supported by S c . Without loss of generality, assume that v lies in the + end of N (∞) so that it has distance at least 2 from τ (−). Further, there is an ending lamination L v supported on S \v. Neither v nor L v can be supported strictly in the interior of S c .
The − end is either degenerate or has a rank one cusp. A similar argument shows that no ending lamination or rank one cusp for the − end can be supported strictly in the interior of S c . This violates Claim 6.14.
(2) Exactly one of the heights l(m+), l(m−) of the standard annuli corresponding to the curves τ (m+), τ (m−) remains bounded. Without loss of generality assume that l(m−) is unbounded. This gives us a rank one cusp in the − end of N (∞) corresponding to τ (−) and a (geometrically infinite) degenerate −∞ end corresponding to the subsurface S \τ (−). In particular, the ending lamination for the −∞ end cannot be supported strictly in the interior of S c .
We proceed as in Item (1) for the + end. It is either degenerate (no rank one cusps) in which case its ending lamination cannot be supported strictly in the interior of S c . Else, if the + end has rank one cusps, then these must necessarily lie along curves v in C(S) at distance at least 2 from τ (−). In particular v cannot be supported by S c . As before, there cannot exist an ending lamination of the + end of N (∞) supported strictly in the interior of S c . (3) This leaves us to deal with the case where both l(m+), l(m−) tend to ∞.
In this case N (∞) has two rank one cusps corresponding to the boundary curves τ (+), τ (−) of S c ⊂ S g . We shall deal with this case below.
Let N (∞) 0 denote N (∞) minus a neighborhood of the two rank one cusps T g,− , T g,+ . The manifold N (∞) 0 has two ends:
The ends N (∞) + and N (∞) − are degenerate ends and have ending laminations
Hence no leaf of L + (or L − ) is carried by S c , again contradicting Claim 6.14. This completes the proof of the Lemma. 
denote the corresponding tube-electrified metric. We shall need a slightly modified version of [Mj14, Lemma 8.3 ] that says that partial electrification preserves quasiconvexity. Since this argument will appear again in the proof of Theorem 4.5 in Section 7, we briefly discuss the transfer of information from relatively hyperbolicity to tube-electrified spaces in our context by specializing the general discussion in [MP11] . The spaces we shall be dealing with are as follows:
(1) ( M T , d weld ), which is δ−hyperbolic relative to the collection R M of elevations of risers to M T by Theorem 3.13. 
Proof. The first conclusion follows from Theorem 3.13. The proof of the second conclusion follows that of [Mj14, Lemma 8 .3] and we indicate the slight modification to the setup we need. Let T denote the collection of splitting tubes in N . Uniform separation of splitting tubes (see Proposition 3.15, where the separation constant ǫ is shown to depends only on R) shows that N is strongly hyperbolic relative to the collection T of elevations of T ∈ T , with constant of relative hyperbolicity depending only on d 0 and the constant D appearing in Proposition 3.15 defining the relationship between Margulis tubes and splitting tubes (note that D depends only on R).
Let We now turn our attention to P : ( M T , d te ) → BU(T ) with T an L−tight R−thick tree.
We restate the main theorem of this section for convenience. Proof. With Proposition 6.18 in place, the proof is a replica of that of Proposition 6.11. Proposition 6.18 shows that there exists C 0 such that Tread vw is C 0 −quasiconvex in ( M l , d te ) for any bi-infinite geodesic l in BU(T ) passing through the midpoint vertex vw.
The converse direction of Proposition 3.24 now shows that there exists K such that Tread vw flares in all directions with parameter K. The forward direction of Proposition 3.24 finally shows that there exists C such that Tread vw is C−quasiconvex in ( M T , d te ).
7. Quasiconvexity of the track: Proof of Theorem 4.5
We are now in a position to prove the main technical Theorem of this paper, Theorem 4.5, which we restate for convenience: 
Proof. The first conclusion of the theorem follows from Theorem 3.13.
We turn now to the second assertion. Note that any elevation T T of the track
by Theorem 6.1 (C 0 depends only on R and V 0 ), • attached to one another via elevations of Margulis risers ( v × T v , d te ). Note that these are uniformly (depending only on V 0 ) quasi-isometric to the treelink T v since the direction corresponding to v (and hence its universal cover R is electrified in the d te metric).
Note also that by the hypothesis of L−tightness, the distance between any two terminal vertices of T v (for any v) is at least L. Thus, we have a collection of C 0 −quasiconvex treads meeting elements of R M at large distances (at least L, up to an additive constant depending on V 0 ) from each other. Thus any geodesic γ in T T is built up of alternating segments of the following types:
• geodesics in (the intrinsic metric on) elevations Tread vw of treads Tread vw , • geodesics in Margulis risers ( v × T v , d te ) of length at least L (up to an additive constant depending on V 0 ).
Recall the local-global principle for quasigeodesics in hyperbolic spaces (see [BH99, p. 407] for instance): Given δ > 0 and C ′ ≥ 1, there exists Υ > 0 and C ≥ 1 such that if a parametrized path β in a δ−hyperbolic metric space satisfies the property that each subpath of β of length Υ is a C ′ −quasigeodesic, then β is a C−quasigeodesic. By Theorem 3.13 or the first statement of the theorem, ( M T , d te ) is δ−hyperbolic. By Lemma 6.17 any tread along with abutting risers is also C−qi-embedded as is any riser. Hence there exists C ′ depending on L such that any subpath of γ of length Υ is contained in (1) a tread along with abutting risers, or (2) a riser.
Hence, by the local-global principle for quasigeodesics γ is a C−quasigeodesic provided L is sufficiently large. This proves the second conclusion of the theorem.
We now prove the third assertion of Theorem 4.5. Fix an elevation T T of T T . We denote the elevations Tread vw contained in T T by T r i where i ranges over some countable set. Since any two elevations T r 1 , T r 2 lying over distinct mid-point vertices of BU(T ) are separated by at least L, and since each T r i is simply connected, any closed essential loop σ in T T must have at least one geodesic segment in the elevation ( v × T v , d te ) of a riser. We can thus put σ in standard form so that it is a union of geodesic segments in T r i and geodesic segments in elevations of risers. But then the local-global principle for quasigeodesics in hyperbolic spaces again shows that σ is a C−quasigeodesic for L sufficiently large; in particular, if L ≫ C, it cannot begin and end at the same point. This contradiction proves the third conclusion of the theorem. 
Generalization: separating curves
The purpose of this section is to summarize some notions from [Mj19] in order to extend the discussion in Section 3 to allow the possibility of multicurves, as well as separating curves.
8.1. Tight trees. The collection of complete graphs in the curve graph C(S) will be denoted as C ∆ (S). (Equivalently, C ∆ (S) is the collection of 1-skeleta of simplices in the curve complex. However, since we have only used the curve graph and not the curve complex in this paper we opt for the earlier point of view.) Let γ = {· · · , v −1 , v 0 , v 1 , · · · } be a geodesic (finite, semi-infinite, or bi-infinite) in a tree T and i : V (T ) → C ∆ (S) a map. A path in C(S) induced by γ is a choice of simple closed curves σ i ∈ i(v i ). The map i will be called an isometric embedding if any path induced in C(S) by a geodesic γ in T is a geodesic in C(S). We now generalize the notion of tight trees of non-separating curves (Definition 3.1) to multicurves. 
An L−tight tree for some L ≥ 3 will simply be called a tight tree.
We recall the following from [Mj19] due to Bromberg.
Proposition 8.2. There exists L > 1 such that if S is a closed surface of genus at least 2, and i : V (T ) → C ∆ (S) defines an L-tight tree, then i is an isometric embedding.
In fact, as shown in [Mj19] , L ≥ max (2M, 4D) suffices, where M is a constant given by the Bounded Geodesic Image Theorem [MM00] and D is the Behrstock constant. We shall not need this. Item (1) was proven in [Mj19] . The proof of Theorem 4.5 in Sections 6 and 7 goes through mutatis mutandis to establish the remaining conclusions. We briefly refer the reader to the relevant sections in the text: 1) For the construction of a topological building block M v associated to a tree-link T v , see Definition 3.5. For the blown-up tree BU(T ), the whole topological model S × BU(T ) (Definition 3.6) see Section 3.2.
2) The construction of a tree-stairstep (Definition 4.4) goes through as the metric on the riser R v is coarsely well-defined thanks to the tree-link T v being coarsely well-defined.
3) We now turn to the proof of quasiconvexity of T T in Theorem 8.4. Quasiconvexity of treads (Theorem 6.1) follows as before. There are two points to note. First, since the tree-links T v are now only coarsely well-defined, the parameters D, k of Definition 8.3 will be involved in Remark 6.12. Second, the geometric limit argument in Lemma 6.13 really only used the fact that no component of the ending laminations of the geometric limit can be contained in the subsurface S c obtained by cutting S along τ (±). This allows Theorem 6.1 to go through. 4) Finally, with Theorem 6.1 in place, Section 7 goes through without change.
Remark 8.5. With Theorem 8.4 in place, Propositions 5.4 and 5.7 now generalize in a straightforward way simply by dropping the hypothesis that the curves are nonseparating. We illustrate this first by the construction of a stairstep in a 3-manifold with two treads. Note first that Lemma 5.3 allows for σ to be separating. We now let σ 1 , σ 2 be a pair of disjoint null-homologous simple closed curves. Let S \ σ i = W i1 ∪ W i2 . Define ψ i : S → S such that ψ i is a pseudo-Anosov homeomorphism in the complement of σ i (see Definition 5.2 and the conventions therein). Then for large enough p 1 , p 2 the 3-manifold with monodromy ψ p1 1 .ψ p2 2 is hyperbolic. Further it admits a stairstep surface T with two risers corresponding to σ 1 , σ 2 and two treads. Theorem 8.4 now shows that T is incompressible and geometrically finite. There is now a straightforward generalization to the case with k treads and k risers, allowing us to drop the hypothesis that the curves are non-separating in Proposition 5.4.
To extend this to stairsteps as in Section 5.2, it remains only to check the balanced condition. (The large rotations argument is as before.) This needs to be checked only locally at a vertex v 0 . Let σ be a separating simple closed curve corresponding to a vertex v 0 ∈ C(S). Let S \ σ = W 1 ⊔ W 2 . It suffices to construct (for i = 1, 2) Φ i = φ i1 ⊔ φ i2 -two pseudo-Anosov homeomorphisms in the complement of σ ensuring the balanced condition. Thus φ ij : W j → W j are pseudo-Anosov homeomorphisms and we renormalize by Dehn twists about σ if necessary to ensure that Φ i has no Dehn twist about σ. Let γ ij ⊂ C(W j ) be the axes of φ ij . Translating γ ij suitably by a power of an auxiliary pseudo-Anosov homeomorphism of W j , we can ensure that d C(W1) (γ 11 , γ 21 ) and d C(W2) (γ 12 , γ 22 ) are comparable:
We can also ensure that the shortest geodesic in C(W j ) between γ 1j , γ 2j realizing d C(Wj ) (γ 1j , γ 2j ) is thick (since we have used a power of an auxiliary pseudo-Anosov homeomorphism of W j to translate one away from the other). Finally, suppose that the translation lengths of φ ij are within a multiplicative factor k ≥ 2 of each other. Let T v denote the (primary) tree-link constructed for W 1 from φ 8.3. Virtual algebraic fibering. We say that a group G virtually algebraically fibers if it admits a surjective homomorphism to Z with finitely generated kernel. We recall the following Theorem of Kielak Proof. G is cubulable by Proposition 5.7 and Remark 8.5. Since G contains an infinite index finitely generated normal subgroup H, β Remark 8.8. Recent work of Kropholler and Walsh [KW19] establishes that G as in Proposition 8.7 is incoherent provided b 1 (G) is strictly greater than b 1 (Q). We expect that the finitely generated normal subgroup of G that Proposition 8.7 furnishes is not finitely presented and hence the hypothesis b 1 (G) > b 1 (Q) in [KW19] may not be necessary.
